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Abstract 

For the Schrodinger map equation ut = u x Au in with 
values in S'^ , we prove for any z/ > 1 the existence of equivariant finite 
time blow up solutions of the form u{x,t) = (p{X{t)x) + C{x,t), where 
is a lowest energy steady state, X{t) = t~^/'^~'^ and C,{t) is arbitrary 
smah in DH'^. 



1 Introduction 

1.1 Setting of the problem and statement of the result 

In this paper we consider the Schrodinger flow for maps from to S"^: 

Ut = u X Au, X = {xi,X2) G M^, t G M, 
u\t=o = Uo, 

where u{x,t) = {ui{x,t),U2{x,t),U3{x,t)) G S*^ C M.^. 
Equation (11 .ip conserves the energy 

E(u) = - [ dx\Vu\'^. (1.2) 

The problem is critical in the sense that both (II. ip and (II. 2p are invariant 
with respect to the scaling u{x,t) — )■ u{Xx, A^t), A G M+. 
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To a finite energy map m : — )■ S"^ one can associate the degree: 
deg(u) = ^ I dxu^^ ■ JuUx2, 

where is defined by 

JuV = u X V, V e R^. 

It follows from (O} that 

E{u) >4:7i\deg{u)\. (1.3) 

This inequality is saturated by the harmonic maps 0m, G 

0m(a;) = e"^^^Q"^(r), Q"^ = (hf, 0, /i^) G 5^ 

2r™ r^™ — 1 (1-4) 

Here (r, ^) are polar coordinates in R^: Xi + ix2 = e*^r, and R is the generator 
of the horizontal rotations: 




or equivalently 
One has 



R 



Ru = kxu, A; = (0,0,1). 



deg0m = E{(j)m) = 47rm. 



Up to the symmetries 0^ are the only energy minimizers in their homotopy 
class. 

Since 0i will play a central role in the analysis developed in this paper, 
we set (j) = (pi, Q = Qi, hi = h\, = hi. 

The local/global well-posedness of (11. ip has been extensively studied in 
past years. Local existence for smooth initial data goes back to [18j, see also 
[13] . The case of small data of low regularity was studied in several works, the 
definite result being obtained by Bejenaru, Kenig and Tataru in where 
the global existence and scattering was proved for general small initial 
data. Global existence for equivariant small energy initial data was proved 
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earlier in [B] (by m-equivariant map m : — i- S"^ C M^, m G Z+ one means a 
map of the form u{x) = e"^^^v{r), where v : IR+ — )■ S*^ C M^, m-equivariance 
being preserved by the Schrodinger flow (11. ip ). In the radial case m = 0, the 
global existence for data was established by Gustafson and Koo [11]. Very 
recently, Bejenaru, lonescu, Kenig and Tataru |1] proved global existence and 
scattering for equivariant data with energy less than Atc. The dynamics of 
m-equivariant Schrodinger maps with initial data close to 0^ was studied by 
Gustafson, Kang, Nakanishi, and Tsai [9], [10], [12] and later by Bejenaru, 
Tataru ^ in the case m = 1. The stability/instability results of these works 
strongly suggest a possibility of regularity breakdown in solutions of (II. ip 
via concentration of the lowest energy harmonic map 0. For a closely related 
model of wave maps this type of regularity breakdown was proved by Kriger, 
Schlag and Tataru [TS] and by Raphael and Rodnianski [T7]. These authors 
showed the existence of 1- equivariant blow up solutions close to (f){X{t)x) 
with X{t) ~ eViMT*-t)i ^ ^ ^.^^^ ^^^^ _ (^T--ty+- as t ^ T* 

where z/ > 1/2 can be chosen arbitrarily [13] (here T* is the blow up time). 
While the blow up dymamics exhibited in [17] is stable (in some strong 
topology), the continuum of blow up solutions constructed by Kriger, Schlag 
and Tataru is believed to be non-generic. Recently, the results of [17] were 
generalized to the case of Schrodinger map equation (II. ip by Merle, Raphael 
and Rodnianski in [15j where they proved the existence of 1-equivariant blow 

up solutions of (II. ip close to (f){X{t)x) with A(t) ~ ^^^^^,Zl^^ ■ 

Our objective in this paper is to show that (II. ip also admits 1-equivariant 
Kriger-Schlag- Tataru type blow up solutions that correspond to certain initial 
data of the form 

Uo = (f) + Co, 

where Co is 1-equivariant and can be chosen arbitrarily small in (IH^. Let 
us recall (see [H], [lU], [12], [S]) that such initial data result in unique local 
solution of the same regularity, and as long as the solution exists it stays 
close to a two parameter family of 1-equivariant harmonic maps 0"'^ , 
a G M/27rZ, A G M+ generated from by rotations and scaling: 

0°'^(r,e) = e"^0(Ar,^). 

The following theorem is the main result of this paper. 

Theorem 1.1. For any z/ > 1, ao G M, and any 6 > sufficiently small 
there exist to > and a 1-equivariant solution u G C((0, to], -^^^ H H^) of 
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fll.ip of the form: 

u{x, t) = e"(*)^0(A(t)x) + C{x, t), (1.5) 

where 

X{t) = r^/^-\ a{t) = aolnt, (1.6) 

\m\\mnH^<S, \m\\m<C.,a,t-\ WG(0,to]. (1.7) 

Furthermore, ast ^0, ({t) (* m n H'^ with (* G H^^'^''- . 

Remark 1.2. In fact, using the arguments developed in this paper one can 
show that the same resuh remains vahd with replaced by if ^+2^ for any 

1 < s < u. 

1.2 Strategy of the proof 

The proof of Theorem 1.1 contains two main steps. The first step is a con- 
struction of an approximate solutions u^^^ that have form fll.Sp .l lirB]) . f ll.7p . 
and solve (II. ip up an arbitrarily high order error 0{t^), very much in the 
spirit of the work of of Kriger, Schlag and Tataru [13]. 

The second step is to build the exact solution by solving the problem for 
the small remainder forward in time with zero initial data at t = 0. The 
control of remainder is achieved by means of suitable energy type estimates, 
see section 3 for the detail. 

2 Approximate solutions 
2.1 Preliminaries 

We consider (11. ip under the 1-equivariance assumption 

u{x,t) = e^%{r,t), V = {vi,V2,V3) e CW^. (2.1) 
Restricted to the 1-equivariant functions (11. ip takes the form 

Vt = vx{Av + —v), (2.2) 
the energy being given by 

E{u) = 7r drr{\vr\' + ^^^^). 
Jo 
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Q = {hi, 0, h^) is a stationary solution of fl2.2p and one has the relations 

drhi = — dr-h^ = — , (2.3) 

AQ + —Q = K{r)Q, K{r) = ^. (2.4) 

The goal of the present section is to prove the following result. 

Proposition 2.1. For any 6 > sufficiently small and any N sufficiently 
large there exists an approximate solution u^^^ : M? x M*^ S"^ of (11. ip such 
that the following holds. 

(i) u^'^^ is a C°° 1-equivariant profile of the form: u^^^ = e"^*''^(0(A(t)x) + 
X^'^\\{t)x,t)) , where X^^Kv^'t) = e^^Z^^\p,t), p = \y\, verifies 

||a,Z(^)(t)|U.(,,,), ||p-iz(^)(t)|U.(,,,), ||p9,Z(^)(t)|U < (2.5) 

||p-^aJz(^)(t)|U2(,,,) < C5'''H'/'^'', k + l = 2, (2.6) 

||p-^aJzW(t)|U2(,,,) < k + l = 3, (2.7) 

||9pZ(^)(t)|U, ||p-^Z(^)(i)lloo < C6'^-H^, (2.8) 

||p-'9jz(^)(t)||oo <Ct2'^, 2<Z + A;<3, (2.9) 

for any < t < T{N,6) with some T{N,6) > 0. The constants C here and 
below are independent of N and 6. 
In addition, one has 

Wx^'^Km^,,^ + \\<y x^''\t)\\^,.^ < Ct^\ (2.10) 

and < X >2(''-i) VS(^)(t), < X >2('^-i) V^ul^\t) G L^{R^). 

Furthermore, there exists ("^ E H H^+'^^- such that as t ^ 0, 
e'-m^iN)^X{t)-,t) Cn in H^nH^. 

(a) The corresponding error r^^^ = —u{^'^ + u^^"* x Au^^"^ verifi, 



es 



||rW(t)||^,3 + ||9ir(^)(t)||Hi + II < X > r(^)(t)|U2 < t^, < t < T(5,iV). 

(2.11) 

Remarks. 

1. Note that estimates ([23]), (^M> imply: 

||„(A^)(t) _e"W«0(A(t).)b.nH^ < 52.-1^ vt G (0,T(iV,5)]. (2.12) 
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2. It follows from our construction that X^^H^) ^ for any s < u with 
the estimate ||x(^)(t)||^i+2.(R2) < Ci^" + t<^+^''^5^''-^'). 

3. The remainder verifies in fact, for any m, Z, k, 

\\<x>^ drr^''\t)\\H^ < 

provided N > Ci^ra,k- 

We will give the proof of proposition 12.11 in the case of u irrational only, 
which allows to slightly simplify the presentation. The extension to u rational 
is straightforward. 

To construct an arbitrarily good approximate solution we analyze sepa- 
rately the three regions that correspond to three different space scales: the in- 
ner region with the scale rX{t) < 1, the self-similar region where r = 0(t^/^), 
and finally the remote region where r = 0(1). The inner region is the region 
where the blowup concentrates. In this region the solution will be constructed 
as a perturbation of the profile e"*-*^^Q(A(t)r). The self-similar and remote 
regions are the regions where the solution is close to k and is described essen- 
tially by the corresponding linearized equation. In the self-similar region the 
profile of the solution will be determined uniquely by the matching conditions 
coming out of the inner region, while in the remote region the profile remains 
essentially a free parameter of the construction, only the limiting behavior 
at the origin is prescribed by the matching process, see subsections 2.3 and 
2.4 for the details, see also [1], [2] for some closely related considerations in 
the context of the critical harmonic map heat flow. 

2.2 Inner region rX{t) < 1 

We start by considering the inner region < rA(t) < lOt^'^^^^, where < 
El < u to be fixed later. Writing v{r,t) as 

v{r,t) = e"W^y(A(t)r,t), V = {V,,V2,Vs), 

we get from (12. 2p 

f+^''Vt + aot^''RV-{u + hpVp = Vx{AV + ^V), p = \{t)r. (2.13) 

/ p 

We look for a solution of (I2.13P as a perturbation of the harmonic map profile 
Q{p). Write 

V = Q + Z, 
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and further decompose Z as 

Z{p,t) = z^{p,t)Mp) + Z2{p,t)Up)+i{p,t)Qip), 
where /i, /2 is the orthonormal frame on TqS'^ given by 

/ h{p) \ fo 
flip) ={ Up) = 1 
V -hiip) J \ 

On has 

7= Vl- - 1 = 0(|zn, Z = Z^ + iZ2. 

Note also the relations 

dpQ = -— /i, dpfi = —Q, /2 = Q X /i, 
P P 

Ah + = -1/. - ^g. 

pZ pZ 

Rewriting fl2.13l) in terms of z one gets: 

it^-^^'^zt - aot^^hz - + u)t^''pzp = Lz + F{z) + dt^^'hi, 



-Ah Y~^-> d = ao-i{- + iy) 



= 71.^ + ^(A7 + ^5,^1 - ^^^) + ^(1 + 7)7p + cit^^7/^i. 
P P^ P 

(2.14) 

Note that F is at least quadratic in z. 

We look for a solution of f l2.14p as a power expansion in t^*^: 

ip,t) = Y,t"''^\p)- (2.15) 



k>l 



Substituting ( ]2.15p into ( 12.14p we get the following recurrent system for 
2^ A; > 1: 

Lz^ = dhi, (2.16) 

L^'' = J'fc, k> 2, (2.17) 

where J-"/;; depends on 2;.^, j = 1, . . . , /c — 1 only. We subject f l2.16p . fl2.17p to 
zero initial conditions at p = 0: 

z\q) = dpz'^iO) = 0. (2.18) 
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Lemma 2.2. System fl2.16p . fl2.17p . fl2.18p has a unique solution {z^)k>i, 
with G C°°(M+) for all k > 1. In addition, one has: 

(i) has an odd Taylor expansion at that starts at oder 2k + 1; 

(ii) as p ^ oc , z^ has the following asymptotic expansion 

2k 

^'(p) = Y. E sV'-'a^/')'' (2-19) 

1=0 j<k-{l-l)/2 

with some constants Cji. The asymptotic expansion f l2.19p can be differenti- 
ated any number of times with respect to p. 

Proof. First note that the equation Lf = has two exphcit solutions: 
h,{p) and h^ip) = 

Consider the case k = 1: 

Lz^ = dhi, 
z\0) = dpz\0) = 0. 

One has 

d f 

z^{p) = 7 / dss{hi{p)h2{s) - hi{s)h2{p))hi{s) 

dp f\ s(s^ + AsHns-l) d(p^ + Vlnp-l) f\ 

ds : rr- ^ / ds- 



ii+p^)jo (i + s^r Pip' + i) Jo a + s'y 

(2.20) 

Since hi is a C°° function that has an odd Taylor expansion at p = with 
a linear leading term, one can easily write an odd Taylor series for z^ with a 
cubic leading term, which proves (i) for k = 1. 

The asymptotic behavior of at infinity can be obtained directly from 
the representation fl2.20p . As claimed, one has 

z\p) = cloP + clip\np + Y, Yl 

j<0 1=0,1,2 

with c\q = —c\ I = di. 

Consider A; > 1. Assume that z^ , j < k — 1, verify (i) and (ii). Then, 
using (12 .140 . one can easily check that J-^ is an odd C°° function vanishing 
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at p = at order 2k — 1, with the following asymptotic expansion as p — t- oo: 

k-l 2fc-2j-l 2fe-2 

'^'^ = E E «>2^-'(lnp)'+$^<p-^(lnp)' 

j=l 1=0 1=0 
2k-l 2k 

1=0 j<-2 1=0 

As a consequence, z''{p) = j dss{hi{p)h2{s) — hi{s)h2{p))J^k{s) is a C°° 
function with an odd Taylor series at zero starting at order 2k + 1 and as 
p — cxD, 

2k 

i=0 j<fc-(i-l)/2 

as required. This concludes the proof of lemma 12.21 □ 
Returning to v we get a formal solution of fl2.2p of the form 

v(r,t) = e"W^V^(A(t)r,t), V{p,t) = Q + Y,t"''Z'{p), (2.21) 

k>l 



Z = {Z^, Z2, Z^), where Z^, i = 1,2, are smooth odd functions of p vanish 

7k 

'3 



ing at at order 2k + 1, and Z^ is an even function vanishing at zero at oder 



2fc + 2. As p — 7- 00, one has 

2k 



^f(p) = E E Sy(lnp)y^-\ ^ = 1,2, 

7, (2.22) 

^3(p) = E E 4fa-p)V^-^ 

1=0 j<k+l-l/2 
k,i 



with some real coefficients c-\ verifying 



The asymptotic expansions (12.221) can be differentiated any number of times 
with respect to p. 
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Note that in the hmit p oo, ?/ = rt'^/^ _^ expansion ([221]), (1222]) 
give at least formally 

2j+l 

m\{t)r,t) = ^(in^ - z/lnt)V/''(y), z = 1,2, 

y3(A(t)r,t) = 1 + ^t^., ^(1^^ _ ^i^tyvi^y), 

j>i 1=0 (2.23) 

k>-j+l/2 

Vi\y)= E ^'S'^"' 

fc>-j+i/2 

where the coefficients c^'j* with A; 7^ are defined by (12.221) and q come from 
the expansion of Q as p — 00: 

^i(p) = E 4oP^^-\ /^3(p) = 1 + E c;>^-^ = o. 

i<o i<o 
For > 2 define 

N 

(TV) _ V- fc W _ iN) ■ (N) 

in Z-^ ' ^m,l "T ^^m,2- 

A;=l 

Then z^^^ solves fimj) up to the error X^v = -it^^'^'' dtz^^^ - a^t^'^h^z^^^ + 
,(1 + v)t^^pd/^^ + rft^^/ii + + F(4^^), verifying 

|p-'9j9rXjv| < Cfc,;,„t2.iv-'n < ^ >2TV-i-i-fc i^^2 + p), (2.24) 

for any fc,m G N, < / < (2A^ + 1 - A;)+, < p < lOr'^+^S < t < T(iV), 
with some T{N) > 0. 
Set 



^(N) _ (N) r (N) r (N)^ 



v-r = e + 4:' e s". 
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Then V^^^^ solves 



z p 

(2.25) 

with TZ^i^^ = iraX^fi — 16X^/2 + ^^^^^^mj-^Q admitting the same estimate 
as Xn. Note also that it foUws from our analysis that for < p < 10t~'^~^'^^, 
Q<t< T{N) , 

<C,/'^<p>^-'-Mn(2 + p), keN, l<{3-k)+. (2.26) 
As a consequence, we obtain the following result. 

Lemma 2.3. There exists T{N) > such that for any < t < T{N) the 
following holds. 

(i) The profile z\^\p.,t) verifies 

\\(^P^in \^)\\L'^{pdp,Q<p<Wt-'+^i) < Ct" , (2.27) 
\\p~^Zin\^)\\L'^{pdp,0<p<10t-''+^-L) ^Ct", (2.28) 
\\Zin\'t)\\L°°iO<p<10t-''+^i) + (t)\\Loo^Q<p<iQt-'+^i) < Ct", (2.29) 

||p-'9jzi^)(i)|U.(,,,,o<p<iot-^+n) < Ci2^(l + I lni|), k + l^2, (2.30) 
||p-'aJzif)(i)|U.(,rf,,o<p<ioi-'^+n) < C^2^ k + l>3,l<{3- k)+, (2.31) 

II^P-^i?f^(^)llL°°(o<p<iot-''+^i) + \\P ^ Z-^\t)\\L°°(o<p<iot-'+^i) < Ct^'^(l + |lnt|), 

(2.32) 

||p-'9j4^^(t)lUo.(o<,<io*-^+n) < 2 < / + A;, / < (3 - kU. (2.33) 

('iij r/ie error TZ\^^ admits the estimates 

llp-'^X^f (t)|U.(,,,,o<p<iot-^+n) < < / + /c < 3, 

||p-'aJai7^;f (t)|U2(,,,,o<p<ioi-^+^i) < t'^'', o<k + i<i, 

provided N > e^^. 

2.3 Self-similar region rt~^/'^ < 1 

We next consider the self-similar region ^t^^ < rt'^/"^ < lOt"'^^, where < 
£2 < 1/2 to be fixed later. In this region we expect the solution to be close to 
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k. In this regime it will be convenient to use the stereographic representation 
of (K^ : 

\yx,v2-, V3) = V w = — ecu {oo\. 

1 + V3 



Equation (12.21) is equivalent to 



2w 



iwt = ~Aw + r "^w + G(w,w,Wr), G(w,w,Wr) = j — — r ^w^). 

1 + \w\^ 

(2.35) 

Slightly more generally, if w{r,t) is a solution of 

iwt = — Aw + r^'^w + G{w, w, Wr) + A, (2.36) 
then V = f^, i^) e solves 

vt = vx{Av + -^v) + A, (2.37) 



with A = {Ai, ^2, ^3) given by 



A + 10"^ A , 4im(wA) 



(1 + |U;|2)2' " (1+ |^|2)2- 

Consider (I2.35p . Write w as 

Then (12.351) becomes 

itWt-aoW = CW + G(W,W,Wy), (2.38) 

where 

C = -A + y-'' + t^ydy. 
Note that as y — )■ 0, (12.231) gives the following expansion: 

2j+l 

W{y,t) = J2Yl E c.U,hir^'''-'\\ny-u\ntyy'^-\ (2.39) 

j>0 1=0 i>-j+l/2 
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where the coefficients a{j,i,l) can be expressed exphcitly in terms of c^'t\t, 
^ ^ k < j + i, j' < i, < I' < I. This suggests the following ansatz for W: 

2j+l 

W{y,t) = Y.Y1 t'^^'-^'H^^y - iy\ntyW,,,{y). (2.40) 

j>0 1=0 

Substituting fl2.40p into (12.381) one gets the following recurrent system for 
Wj^i, < / < 2j + 1, J > 0,: 

r (£-^o)W^o,i = 0, 

\ (£ - iJo)Wo,o = -^(1/2 + z/) 1^0,1 + 2y-'dyWo,u ^ ' 

(£ - /i,)W^,,2, = Gj,2j - ^(2j + l)(l/2 + z/)iy,,2,+i + 2(2j + l)y-'dyW,,2j+u 
(£ - fij)W,,i = Q,^i - lil + l)(l/2 + z/)l^,y+i 
+2(/ + l)y-i9,W^,y+i + (/ + !)(/ + 2)y-W,y+2, < / < 2j - 1. 

(2.42) 

Here /i^ = —ao + ii'{2j + 1), and is the contribution of the nonlinear term 
G(W, W, Wr), that depends only on Wi^n, i < j - 

2j+l 
j>l 1=0 

GjAy) = G,Ay^ Wi,n, o < n < 2z + 1, o < z < j - 1). 

One has 

Lemma 2.4. Given coefficients aj, bj, j > 0, there exists a unique solution 
of ([MID, <^M>> e C°°(M;), < m < 2j + 1, j > 0, such that as 
y 0, Wj^i has the following asymptotic expansion 

w,Ay)= E ^'V^"'' (2.43) 

i>~j+l/2 

with 

rff = aj, df = bj. (2.44) 

The asymptotic expansion (12.431) can be differentiated any number of times 
with respect to y. 
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Proof. First note that equation {C — jj,j)f = has a basis of solutions 
{e], e^} such that 

(i) ej is a C°° odd function, e](?/) = y + 0{y^) as ?/ — )■ 0; 

(ii) e| G C°°(M!^) and admits the representation: 

where e| is a C°° odd function, e^(y) = as ?/ — > 0. 

Consider flCTj) . From (£ - /io)W^o,i = and (jMS]), flCTj) . we get 

Consider the equation for 1^0,0^ 

(£ - fio)Wo,o = -^(1/2 + iy)Wo,i + 2y-'dyWo,i. 

The right hand side has the form: 2aQy~^ + a C°° odd function. Therefore, 
the equation has a unique solution Wqq of the form 

<o(?/) = ^oZ/-' + W^o°o(l/), 

where (io = f ^^"^ ^o!o is a C°° odd function, M/o°o(l/) = as ?/ 0. 

Together with flCTj) . (ICTj) . this gives: 

W"o,o = <o + Vo- 
Consider the case j > 1. We have 

(£ - , = j;-;, < / < 2j + 1, (2.45) 

where 

i,2j+l = 0j,2j+l, 

J'j,2j = Gj,2j - i{23 + l)(l/2 + v)W,,2,+i + 2(2j + l)y-%W,,2,+i, 

= - + l)(l/2 + i^)W,^i+, 
+ 2{l + l)y~'dyW,,i+, + (/ + !)(/ + 2)y-^W,,i+2, < / < 2j - 1. 

The resolution of (12.451) is based on the following obvious ODE lemma: 
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Lemma 2.5. Let F be a C°°(M^) function of the form 



j=k 

where F is a C°° odd function and k < —1. Then there exists a unique 
constant A such that the equation (£ — fij)u = F + Ay'^ has a solution 
u G C°°(M!i^) with the following behavior as y 0: 

j>k+l 

More precisely, we proceed as follows. Assume that Wi^n, < n < 2i + 1, 
i < j — 1 has the prescribed behavior fl2.43p . (12 .44^ . Then it is not difficult 
to check that Qj^i admit the following expansion as ?/ — ?► 0: 



Sj,2j+i{y) = J29i2,+iy^' \ 

i>l 

Gj,2j{y) = Y.gi2jy''~\ (2.47) 

i>0 
i>-j+l/2-l 

Consider Wj^2j+i- From (£ - fij)Wj^2j+i = Gj,2j+i we get 

iy,-2,+i = <2,+i + coe], (2.48) 

where Wj 2j+i is a unique C°° odd solution of {C—fij)f = Qj,2j+i that satisfies 
Wj 2j+ihj) = 0{y^) as ?/ — 0. The constant cq remains undetermined at this 
stage. 

Consider jr,-2j. It has the form: {gl^j + 2(2j + l)co)?/"^ + a C°° odd 
function. Therefore, for Wj^2j we obtain 

Wj,2j = Wl2, + c,e], (2.49) 

where Wj 2j is a unique solution of {C — Hj)f = J^j,2j, that satisfies as ?/ — )■ 0, 

= +0(/). i, = ^JM±^^±l}^. (2,50) 

15 



Similarly to Cq, the constant Ci is arbitrary here. 

Consider J^-.aj-i. It follows from ([23SD, (1237)), (I23H1), (ElHl), fl^^CT]) that 

J^j,2j-i = (fl'j^2i-i ^ ^jdi)y^^ + const + an odd function. 

The equation (£ — fij)Wj^2j~i = J^j,2j-i has a solution of form fl2.43p iff 

9j,2j-i - 4jdi = 0, 

which gives 

4j(2j + l) 

With this choice of Cq one gets 

where Wj2j-i is a unique solution of (£ — /ij)/ = J^j^2j-i, that satisfies as 

Wl,^_, = consty-' + 0{y'). 

Continuing the procedure one successively finds Wj^2j-2, Wj^o in the form 
= W^%+i_fc+Cfce], k < 2j + l, where W^,-^,,, is an unique solution 
of {C — fij)f = J-'j^2j+i-k, that as ?/ -> has an asymptotic expansion of the 
form f l2.43p with vanishing coefficients The constant Ck, k < 2j — 1, is 
determined uniquely by the solvability condition of the equation for Wj^2j-k-i 
(see lemma ES])- Finally, C2j+i, C2j+2 are given by ( I2.44p : 

C2j+l = C2j+2 = bj. □ 

We denote by WJJiy), < / < 2j + 1, j > 0, the solution of ([231]), (EH} 
given by lemma [2l4l with aj = a(j, 1,1), bj = a(j, 1,0), see (I2.39p . By 
uniqueness we have as ?/ — )■ 0, 

WlKy)= Yl (^iJ,hl)y''-\ (2.51) 

i>-j+l/2 

We next study the behavior of Wj f, < / < 2j + 1, j > 0, at infinity. One 
has 
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Lemma 2.6. Given coefficients aj^i, bj^i, < / < 2j + 1, j > 0, there exists 
a unique solution of fl2.41l) . fl2.42p of the following form. 

W^o,^ = <,/ + <^ ^ = 0,1, (2.52) 

= + Ki + ^ ^ ^ 2j + 1, J > 1, (2.53) 

where {W^, i) o<i<2j+i , i = 0, 1, are two solutions of (I2.4ip . (12.421) that, as 

j>i 

2/ — 7- oo, /iawe i/ie following asymptotic expansion 

2j+l 2j+l 

J2i^ny- u\ntyw;:iiy) = J](lny + (-l)Mnt/2)'#;,,(y), z = 0, 1, 



fc>0 



fc>0 



with 



(2.54) 



wl' ' = aj^i, wl' ' = bj^i. (2.55) 



Finally, the interaction part W^i can be written as 



Kiiy) = E e-^™^'/V"«(2"+^)p^,-,,^(y), (2.56) 

— j — l<r?i<j 

where Wj^i^m have the following asymptotic expansion as y ^ oo: 



A;>m+2 m-j<i<j-m s=0 
j — m — i^ 2Z 



2j+l-Z 



k> — m -j-m-2<i<j + m s = {) 
j — m — i^ 2Z 



2j+l-/ 

w^.v.o(i/) = E E E <''>"^"^'^"'(i-^)^ 



fc>l -i<i<j-2 s = 



wo,/.-i(^) = E E 'e -&v^^"^^^-^^iny)^ 



fc>l -j+i<i<i-i s=0 

j-i+lS2Z 



(2.57) 
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The asymptotic expansion fl2.54l) . fl2.57l) can be differentiated any number of 
times with respect to y. 

Any solution of f lCTj) . fl2:42|) has form fl232|) . f l233|) . f lCTj) . f l236|l . 

(ElZD. 

Proof First note that equation {C — fij)f = has a basis of solutions 
{/j , /j^} with the following behavior at infinity: 

k>0 k>0 

fj i = fj 2 = 1- As a consequence, the homogeneous system 
{C - fij)g2j+i = 0, 

(£ - fij)g2j = -t{2j + l)(l/2 + u)g2j+i + 2(2j + l)y-%g2j+i, 
iC-iij)gi = -til + l)il/2 + u)gi+, 

+ 2(1 + l)y-'dygi+^ + (/ + !)(/ + 2)^-^2, < / < 2j - 1. 
has a basis of solutions {g*'™} i=i,2, 

m=0,...,2j 



,2j+l 

=i = (^i!o ' • • • ' ^/,2i+i)' < m < 2j + 1, z = 1, 2, 



(2.58) 



defined by 

Y{lny-u\ntyg;f{y) = Y{lny + i-iy-Hnt/2yQJ^{y), (2.59) 



(2.60) 



where {CjT)i=o,-.-,'2j+i is the unique solution of 
(£ - Aij)6j+i = 0, 

(£ - ;u,)6, = -^(2j + 1)(^ - l)6i+i + 2(2j + l)y-'dy^2j+i, 
(£ - /i,)e^ = -«(/ + 1)(^ - l)e^+i + 2(/ + l)y~'dy^i+i 
+ (/ + l)(/ + 2)rt^+2, 0</<2j-l, 
verifying 

ei;r(l/) = 0, />2j + l-m, 

^];^+i_^(y) = /](2/), 

eiriy)=y'"''^'''^''^'^ E ^^+^' (2.61) 

k>2j+l-l-m 

CTiy) = e^^^/^r^-o-^^(^^-+^)-^ 5^ ^ly-'' y ^ +00. 

fc>2j+l-/-m 
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Consider Wq^i, / = 0, 1. We have 

{C-fio)Wo,i = 0, 
(£ - /xo)W^o,o = -^(1/2 + iy)Wo,i + 2y-'dyWo,i, 

which gives 

WoAy)= Yl ^i^rng'oTiy)^ ^ = 0,1, 

i=l,2, 
m = 0,l 

with some constants Ai^m, i = 1,2, m = 0,1. It follows from fl2.59p . fl2.6ip that 
Wo^i, 1 = 0,1 have the form f l232|) . (I23i|) with = w^'''"^ = ^2,1-/, 

/ = 0, 1, which together with fl2.55p gives Ai^^ = ao,i-m, = &o,i-m, 

m = 0, 1. 

We next consider j > 1. Assume that Wi^n, 0<n<2i + l,i<j — 1 has 
the prescribed behavior (1^35]) . (EM]), (ESS]),' d^FT]) . Then it is not difficult 
to check that Qj^i has the form 

OjAv) = E e-^"^y'/V^"-^''^+''>gj:i{y), (2.62) 

-j-l<m<j 

where QJ^i, m = 0, —1, are given by 

0Tiiy) = ^T(y) + ^j:i'(y)^ m = o,-i, 

g-f{y) = GjAv. < n < 2z + 1, < z < j - 1), (2.63) 
e'''/%l^\y) = g,,iiy; Wl^,0 < n < 2t + 1,0 < t < j - 1), 
and admit the following asymptotic expansions and as y — )■ 00: 

2j+l-l 

S» = i: E Tiiy^^^^'^-^'dnyy, 

k>l s=0 

(2.64) 

G':hy) = i: E E 

fc>2 -i<i<j-2 s=Q 

= e'e '^^;-l.^~"^^^^^^-^^lny)^ 

fc>2 s=0 

(2.65) 

^''(^)E E E ni^V'^'^'^-^'i^yy- 

k>l -j+l<i<j-l s=0 
i-i+lg2Z 

19 



Finally, QJ\, m ^ 0, —1, have the following behavior as ?/ — )■ oo 

k>m+l rn-j<i<j-m s=Q 
j — m — i^ 2Z 

k>\m\ — l ~j-m-2<i<j-{^m s=0 
j-\-ra — i^'L 

(2.66) 

Therefore, integrating fl2.42p . one gets 

i=l,2 

m = 0,...,2i+l ^2 

-j-l<m<j 

where e-^™2''/4^2iao(2m+i)|ym jg ^ unique solution of (E^I with replaced 
g-?.myV4y2«Q!o(2m+i)^m^^'j^ -|-]-^g^^ ]-^g^g foUowiug behavior as ?/ — 7- +cxd: 

^v(i/)= E E E *a>"^"^'^-''(in2/r, -^>i, 

/c>m+2 m-j<i<j-m s=0 

j — m — i^ 2Z 



k>—m -j-m-2<i<j + m s=Q 



Finally for m = 0, — 1 one has: 



W-l{y) = W-/''{y) + W-/'\y), 



(2.68) 



(2.69) 



where Wjf and e^^'^^^y '^''■^^W-^'^ are solutions of f l2.42p with Qj^i replaced 
by Q^-'l and ?/~^*"oe*^^/^^^~/'* respectively, with the following asymptotics as 
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(2.70) 



?/ — )■ oo: 

k>l s=0 

fc>l -J<i<j-2 s=0 

2j+l-l 
fc>2 s=0 

2j+l-Z 

w-.^''(^) = E E E -fcV'^^""')-^^!-^)^- 

k>l -j+l<»<i-i s=0 

Clearly, W^, = W^^+ES ^i.-^g-f, and W^, = e— ^V4^-i>o+^2,+i ^^^^^ 
are solutions of fl2.42p with Qj^i replaced by Q^'i = Gj,i(W^j^, i < j — 1) 
and e'y^/^grj-'^ = '3j,i{Wl^, i < 3 - I) respectively. As a consequence, 
Wli, i = 0, 1, < / < 2j + 1, have the form flZMj) with wi;^'' = A^-^^,;, 
i = 0, — 1, Z = 0, . . . , 2j + l, which together with (I2.55P gives Ai ^ = a,j,2j+i-m, 

^2,m = 6j,2i+l-m, m = 0, . . . , 2j + 1. □ 

Let W-^\y,t) be the the stereographic representation of vl;^\t^''y^t) = 
For iV > 2 define 

TV 2j+l 

W^ifHy,^) = E E^^^'^^-'Hlnp/W^t^l/), 



^if(p,t) = Kfnp,t)-g(p). 
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Fix £1 = |. Then, as a direct consequence of the previous analysis, we obtain 
the following result. 

Lemma 2.7. For <t < T{N) the following holds, 
(i) For any k, I, and ^t^^ < y < lOt^^, one has 

ly'^d'^dliW^P - ly/f )| < z = 0, 1. (2.71) 

(a) The profile Zs^^ verifies 

ll^P^if n^)(llL2(p(ip,^t-''+n<p<ioi-'-=2) < Cf, (2.72) 

llp"^^ifn^)llL2(pdp__i_t--+ei<p<iof---=2) <Cf, (2.73) 

ll^ifn^)llL-(it-+-i<p<iot-'^-=2) < C'^'') (2-74) 

||p9pZif)(t)|L..(^,-.+.,<^<io*-'^-2) < (2.75) 

||p-'9;z(f)(t)|L.(^,^,^,^.+.,<^<,o*-''-^2) < + / = 2, (2.76) 

IIp '^p^i7f^WllL2(pdp,_i.t--+.i<p<iot----^2) < C'^^'', A; + />3, (2.77) 

||p-'9;zif )(t)|L^(^,-.+.,<^<io*-'-^.) < Cf^\ A; + / = 1, (2.78) 

||p-'9;z(f)(t)|L^(^,-.+.,<^<io,-.-.,) < 2<l + k. (2.79) 

i^ere and below t] stands for small positive constants depending on v and 62, 

that may change from line to line. 

(Hi) The error As^^ admits the estimate 

llr'Sj^Mif (t)llL2(,.,,^*n<,<io*-^2) < < /+A: < 4, ^ = 0, 1. 

(2.80) 

2.4 Remote region r ~ 1 

We next consider the remote region t~'^'^ < rt~^^^. Consider the formal solu- 
tion ^j>o X]^io^ t'^^'^^^^\\ny — u ln.tyWji{y) constructed in the previous sub- 
section. "By lemma EH it has form (|232|) . (|233|) . f l234l) . f l236|) . ( 12371) . with 
some coefficients w^'''*, Wk\^- Note that in the limit y — )■ 00, r — )■ 0, the main 
order terms of the expansion X]j>o Yla^^ j^u(2j+i)+iao in t)'iyj^^(t"^/^r) 
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are given by 

2j+l 

E ^ E E ^i;''°(lnr)V2-+^^(^^+i) (2.81) 

k>Q j>0 1=0 

fc>o i>o «=o 

which means that in region < 7-^-1/2 have to look for the solution of 
f l2.35p as a perturbation of the time independent profile 

2j+l 

i>o /=o 

with /3o(j, /)=^f°. 

Let ^ G ^(0 = I Q j^j>2 For iV > 2, and 5 > we define 

AT 2j+l 

/o(r) ^ /f )(r) = e{5-'r) ^ E /3o(j, /)(lnr)V2-«+2^(2^+i). 

i=o /=o 

Note that e'^fo e H^+^''- and 

lle'Vollij. < VO < s < 1 + 2z/. (2.82) 

Write w{r,t) = /o(r) + xl'";^)- Then x solves 

iXt = - Ax + r-\ + Vo9,x + Vix + V2X + + Pq, 
4/oC^./o 2|/op(2 + |/op) 2/2(9, /o)2 



1+l/oP' r2(l + |/o|2)2 (l+|/o|2)2^ 

2(r2(9./o)2 - /o^) 



(2.83) 



r2(l + |/oP)2 ' 
I)o = (-A + r~')fo + G(/o, /o, a,/o). 
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Finally, M contains the terms that are at least quadratic in x and it has the 
form 

A/" = iVo(x, X) + XriVi(x, X) + xlN2{x. X), 

iVo(x, X) = G{fo + X,fo + X, drfo) - G{fo, /o, drfo) - Vix - V2X, 
iVi(x,x) = ^^^f^-Vo, (2.84) 

Accordingly to ([232]), f l233|) . fl234D . fl236|) . fl237l) . we look for x as 
X(r,t) = ^ ^e-^'"*(lnr-lnt)X,,^,,(r), 

g>0 — min{fc,g} <m<min{(fc — 2)_^ ,q} s = 

(2.85) 

where 

$ = — + 2aolnt + (^(r), 

with if to be chosen later. 

Substituting this ansatz to the expressions —ixt — ^X + + '^odrX + 
ViX + V2X, A^, we get 

- iXt + Ax - r^^x + V^drX + ViX + V2X 

= E E E e-^'"*(inr - In t)^^£;^,., 

g>0 — min{fc,g}<m<min{(fc — 2)_|_,q} S=0 

k>2 q-m£2Z 



Noix,x) = J2^""'^'~' E J]e-"*(lnr-lnt)^vl>"''° 



k,q,m,si 



g>0 — min{fc,g} <m<min{(fc — 2)^ ,g} s = 

'!>4 g-me2Z 



x.iVi(x,x) = E^'^''''''' E E^"^"^*(i^^-i^^)^<.- 

q>0 — min{fc,q}<m<min{{fc — 2)_|_ ,q} s=0 

fc>3 g-mG2Z 

(Xr)'iV2(x,x) = $^t^'^^+^-^ Y.e-^-^ilnr- \nty^> 

Here 



g>0 — min{fc,q}<m<miii{(fc — 2)_j_,q} S=Q 

k>'2 5-m62Z 



n/,2 

k,q,m,si 



Jin m{m + l)r ^ ^ ,Tr'm,i 1 ,T,;m,2 

4 



- 1 gk,q,m,s + + ^ k!q,m,s^ (2.86) 
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with and ^i'^J,, depending respectively on gk-i,q,m,s', s' = s, s + 1 

and gk-2,q,m,s', s' = s,s + l,s + 2 only: 



= - K'^^Q + k-l-m- 2imao)gk-i,q,m,s + iim + + 

1. 
2 

(2.87) 



+ imr(dr - im(p'{r) - -Vo{r))gk-i,q,m,s, 



,T,lin,2 ^irnf /\ ( ^-irrnp \ '2{s -\- 1) jmip ( n \ 

^k,q,m,s - A(e gk-2,q,m,s) ' 6 0*^(6 gk-2,q,m,s+l) 

~ ~ ^2 ^~gk-2,q,m,s+2 + VqC^"^'^ dr{e "^^'^ gk-2,q,m,s) 

+ (r ^ + Vi)gk-2,q,m,s + ^2gk-2,q,-m,s- 

(2.88) 

Here and below we use the convention gk,q,m,s = if (/c, g, m, s) ^ where 

Q = {A; > 1, 5 > 0, < s < 5, g — m e 2Z, — min{A;, q) <m < min{A; — 1, g}}. 

The nonlinear terms '^'kqmsi ^ — 0) 1) depend only on gk',q',m',s' with k' < 
k — 2. More precisely, 

K[q,m,s = *Sm,.(^;^fe',9',m',.', /c' < - 3), 
^SU.s = gk',g',m',s', k' <k-2). 

Finally, ^'^'^^^ ^ has the following structure 

'2(l + |/o| 



^2,g,m,s ~ "*'~^9/'1 -I- I f IS^I .Z^ yi,gi,-l,siyl,92,-l,S2 ' 



91+92=9 



<.k. = + ^>3, (2-89) 

.-r.n«,2,o _ (m + l)rVo 

^k,q,m,s ~ 1 I I 12 Z-^ fi'l,qi,-l,si5'fc-l,g2,m+l,S2 ) 

si+S2=s 

with depending on gk'q'm's': k' < k - 2 only: 



■ k,q,m,s 

'^'A;,q,m,s ~ V i Hk' ,q' ,m' ,s 



n':L.s-{^-^9k',q',^',s'.k' <k-2). 
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Note that 

,nl,2,0 



Equation 02.831] is equivalent to 



*ro,o,o + ^^0 = 0, 

-,hn I TJjnl 

' k,q,m,s ' k,q,m,s 



^fc,o,n^,s + nLm,s = 0, (k, q, m, s) G n, (A;, g, m, ^ (2, 0, 0, 0), 



(2.90) 

Here = + ^f''^ + ^f'"^ 

fc,g,m,s k ,q,m,s ' k,q,m,s ' k,q,m,s' 

We view f l2.90p as a recurrent system with respect to /c > 1 of the form 

^fo.o.o + ^^0 = 0, 

^2,W = 0' (J,^)7^(0,0), (2.91) 
and 

^fc+l,5,m,s + ^fe+l,g,m,s = 0' m = 0, 1 h. ^ n (O Q9\ 

'^'ilm,s + nlq,m,s = 0, m^O,l ' ^'-^'^ 

Consider f l2.9ip . Choosing ip as 

^(r) = -i r , /o(^)5./»W-Mf.A(-^) . (2.93) 

io i + l/o(s)r 

we can rewrite fl2.9ip in the following form 

(4z/j + l)^l,2j,0,^ - + l)^l,2j,0,s+l = 0, (j, s) ^ (0, 0), 
fi'l, 0,0,0 = ^^Dq, 

rdrgi,2j+i,~i,s + (2z/(2j + 1) + 2 + 2i«o - r(ln(l + \fo\^)y)gi,2j+i,-i,s = 0. 

(2.94) 

Accordingly to fl2.8ip . we solve this system as follows: 

9i,2j,o,s = 0, (j, s) 7^ (0,0), 
fi'l, 0,0,0 = ~iDQ, 

^7i,2,+i,-M = + |/onr-2-o-2.{2.+i)-2^ < s < 2j + 1, < J < iV, 

^i,2j+i,-i,. = 0, j > N, 

(2.95) 

where s) = 

Consider f l2.92p . We will solve it with the "zero boundary conditions" 
at zero. To formulate the result we need to introduce some notations. For 
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m G Z, we denote by Am the space of continuous functions a : M+ — ?■ C such 
that 

i) a e C°^(M;), suppa C {r < 25}; 

ii) for < r < 6, a has an absolutely convergent expansion of the form 



air) = ^ ^a„,,(lnr)V 



n>K(m) 1=0 
n-m-lS2Z 

where K{m) = m + 1 if m > 0, and K{m) = \m\ — 1 if m < —1. For k > 1 
we define Bk as the space of continuous functions b : IR+ — C such that 

i) 6 e C°°(m;); 

ii) for < r < 6, b has an absolutely convergent expansion of the form 



oo 2n 
n=0 1=0 



iii) for r > 26, b is a polynome of degree k — 1. 
Finally, we set Bl = {b e Bk, b{0) = 0}. 

Clearly, for any m, k, one has rdrAm C rdrBk C S^, BkAm C 
Note also that 

/o G r^^^Mo, e ^71,0,0,0 e r^-^-^^, 
^7i,2,+i,-M e r-2-o-2.(2i+i)-2^^^ < s < 2j + 1. 

Furthermore, one checks easily that if for all {k, q, m, s) G Q, gk,q,m,s G 

^2iao{l+2m)-2^q-2k^ if m 7^ -1 and gk,q,-l,s G r-2i°0-2vg-2fcg^^ ^J^g^ 

^im,j ^nl,j ^nl,2 2iQo(l+2m)-2i/g-2(fc-l) yi rr7 — 1 

^fc,(j,m,s' ^ k,q,m,si ^ k,q,m,s ~ ' •^mi -f ^1 

y Jm,2 ^ nl,j ^,nl,2 ^2iaa-2vq-2(k-l) n ^ ' ' 

^k,q,-l,si ^k,q-l,si ^k,q-l,s ^ ' ^fc-2, 

t=l,2, J =0,1,2. 

Consider (^M). Using (^M>, (ESZD, (I23SD, (ESHD, (EMD, one can 
rewrite it as 

\m{m + l)r'^gk,q,m,s = Bk,q,m,s, m^O, -1, 
rdrgk,q,m,s + (2z/g + A; + 1 + 2mo - ^l^^M>i^Mi) j = 

(2z/g + k)gk^qfl,s — {S + '^)gk,q,0,s+l = Ck.qfl,s + Dk^g^s, 

(2.97) 
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(2.98) 



where Bk,q,m,s, Ck,q,m,s depend on gk',q',m',s', k' < k - 1 only: 

Bk,q,m,s = Bk^q,m,siT] 9k' ,q' ,m' ,s' , k' < k — 1) , m 0, —1, 
Ck,q,m,s — Ck.q^m.siX'i 9k' ,q' ,m' ,s' ^ k ^ k 1), 777. = 0, 1, 

and have the following form 

R, = _vl/'/"'i _ vl/'/"'2 _ m ^ -1 

J->k,q,m.,s ^ k,q,m,s ^ k,q,m,s ^ k,q,m,s^ 7^ 

Ck,q,m,s = -i'^k+l,q,m,s ~ ^^fc+l,g,m,s5 m = 0, -1. 

Finally -Dfc.g.s depend only on 9k,q,i,s and is given by 

Dk,q,s = -^^fc+l,°,0,s = -^YTjh^ ^ 9l,qi,-l,s^9k,q,,l,S2- (2-99) 

91+92 = '? 

Note that L'2,g,s = 0. 

Remark 2.8. It is not difficult to check that if 

9k,q,m,s = 0, Vg > (2iV + 1)(2A; - 2), m ^ 0, 1, 

9k,q,m,s = 0, Vg > (2Ar + 1)(2A; - 1), m = 0, 1, 

then 

Bk,q,m,s = 0, Vg > (2iV + 1)(2A; - 2), m ^ 0, 1, 

Cfc,,,^,. = 0, Vg > (2iV + 1)(2A; - 1), m = 0, 1, 

Dfc,,,s = 0, Vg> (2iV+l)(2A:-l). 

We are now in position to prove the following result. 

Lemma 2.9. There exists a unique solution {9k,q,m,s) of ( I2.97P ver- 

ifying 



^ 2iao{2m+l)-2vq-2k A ^ ^ ^ 

yk,q,m,s ~ ' -^m? '"' 7~ ■'-■> 

c -2iao-2i^q-2kry 
9k,q-l,s £ r Dfe. 



(2.100) 



In addition, one has 



9Kq,m,s = 0, Vg > (2iV + 1)(2A; -2), 0, 1, 
= 0, Vg > (2iV + 1)(2A; - 1), m = 0, 1, 



(2.101) 
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Proof. For A; = 2 (M), (M) give 

lr^92,2j,-2,s = B2,2j,-2,s, 0<s<2j, 1 < J, (2.102) 
a , / o ■ , i\ , o , o- ^"{fodrfo + fodrfo)\ 

rdrg2,2j+i-i,s + I 2z/(2j + 1) + 3 + 2tao ^ _^ I 5'2,2i+i,-i,s 

= C-a.sj+i.-i.s, < s < 2j + 1, < J, 

(2.103) 

(4Z/J + 2)^2,2i,0,s - (S + l)^2,2i,0,s+l = C^2,2j-,0,s, < s < 2j, < J, (2.104) 

Recall that -B2,(j,m,s, C2,q,m,s depend only on gi^qi^m',s' and therefore, are known 
by now. By (12.961) . (I2.98P and remark [23] they verify 

52,,,-2,s e r-6-o-2.5-2^_^^ m ^ 0, -1 

B2,g,-2,s = 0, g>2(2iV + l), 

C2,q,m,s = 0, g>3(2iV + l), m = 0,l. 

Therefore, we get from fl2102|) . fl2303|) . 

^72,2,,-2,s = ^52,2,,-2,s ^ r-6-0-4..-4^_2^ < S < 2j, 1 < J, 
^72,2,,0.2, = 4-^^2,2,,0,2, E v'^^^-'^^-' A,, < J, 

^?2,2,,o,s = 4-^C'2,2,,o,s + ^^^^?2,2,,o,.+i G r^-o'^^^-Uo, < . < 2j, 

^2,2i,-2,s = 0, J>2iV+l, 

^72,2,,o,. = 0, j>3iV + 2, 



(2.105) 



Consider fITTIMl) . Write 

„ _ „-2iao-3-2!/{2j+l)/-, , | r \2\^ 

g2,2j+l-l,s — r U + |/0| Jfi'2,2j+l,-l,s- 

Then g2,2j+i,-i,s solves 

drg2,2j+l,-l,s = f ^C*2,2i+l,-l,s, (2.106) 

where 
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Since C2,2j+i,-i,s e r-2*"o-2K2i+i)-4g^^ ^ave: 

(i) for < r < 5, C2,2j+i-i,s admits an absolutely convergent expansion of 
the form 



oo 2n 



C'2,2,+i,-i,s = $^$^/3n,^r^^"(lnr)', 



n=0 /=0 



(ii) for r > 26, C*2,2j+i,-i,s is a constant. 

Clearly, there exists a unique solution g2,2j+i-i,s of fl2.106p such that g2^2j+i-i,s G 
r~^i32. It is given by 

^2,2i+i,-i,s(r) = / dpp'^{C2,2j+i,-i,sip)-M-/3ofir~\ < s < 2j+l, < j. 
Jo 

Finally, since 6*2,5,-1,5 = for g > 3(2A^ + 1), one has 

92,2j+i,-i,s = 0, j>3N+ 1. 

We next proceed by induction. Suppose we have solved (12.971) with k = 

2, — 1, / > 3, and have found {gk,q,m,s) (fe,-? 

,m,s) £ r2 verifying fl2.100p and 

' 2 <fc<i- l 

(12.1011) . Consider k = I. From the first line in (I2.97P we have: 



^m(m + l)r^gi,q,m,s = Bi^g^rn,s, m 7^ 0, -1, 
where -Bz,g,m,s are known by now and, by (I2.96p . (I2.98P and remark |2T8| satisfy 

rj rz r2iao{2m+l)-2iyq-2{l-l) A 

S;,,,^,, = 0, g>2(2iV + l)(2/-2). 
As a consequence, one obtains for m 7^ 0, —1: 

_ p, ^ 2iao{2m+l)-2uq-2l A 

m(m + l)r2^''™^ (2.107) 
(?;,g,m,s = 0, g>2(2Ar + l)(2/-2). 

We next consider the equations for gi^2j,Q,s- 

{4uj + l)gi,2j,o,s -{s + l)gi ,2j,0,s+l — C*Z,2j,0,s + Di^2j,s, < s < 2j, < j. 

(2.108) 
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The right hand side G,2j,o,s + Di^2j,s depends only on gi,q^,i,si and gk,q2,m2,s2, 
< / - 1, and by (EM]), f CTTTj) and remark HSl satisfies 

Ci,2j,o,s + Di,2j,s = 0, J > (2iV + 1)(2/ - 1). 
Therefore, the solution of f l2.108p verifies 

gi,2j,o,s e r2-«-4-j-2Uo, < s < 2j, < J, 
9i,2j,o,s = 0, j>(2iV + l)(2/-l). 

Finally for gi^2j+i-i,s, < s < 2j + 1, < j we have 

rjlodrfo + fodrfo)' 
1 + 

= C*/,2j+l,-l,S5 

(2.109) 

with C/,2i+l,-l,s e r-2*°0-2K2i+l)-2«^^_^ g^pj^ ^1^^^ 

G,2i+i,-i,s = 0, 2j + 1 > (2iV + 1)(2/ - 1). (2.110) 

Equation (12.109^ has a unique solution gi^2j+i-i,s verifying gi^2j+i-i,s G 
^-2iao-2u{2j+i)-2ij^^^ which is glveu by 



rOrgi,2j+i,m,s + [ 2z/(2j + 1) + / + 1 + 2iao ^ , I ^ ,^ ) gi,2j+l-l,s 



1 -^1 

2n 



1,S5 



gi,2j+l,-l,s= r dpp-'{Cl,2j+l,-l,s- Yl f^Pny'-ilnpr) 

POO '^'^ 



0<n<i^ P=0 

— — 



where 



oo 2n 

Ci,2j+i,-i,s = J2Y1 /3n,pr"(lnr)^ r < 6. 

n=0 p=0 



31 



By dmUD, 

9i,2j+i,^i,s = 0, 2j + 1 > {2N + 1)(2/ - 1). □ 
Let us define 

wi'llir.t) = /o(r) + t'"''^'e-^'"*(lnr - lnt)^<7,,,,^,,(r), 

{k,q,m,s)£n,k<N 

As a direct consequence of tlie previous analysis we get: 

Lemma 2.10. There exists T{N,5) > such that for <t < T{N,5) the 
following holds. 

(i) For any < I, k < A, i = 0,1 and j^t^^^ ^ U ^ lOt''^^ , one has 

\y-'d'ydiiw^P - w^^2)\ < t"^'-'-'^'' + (2.111) 

provided N is sufficiently large (depending on 62). 
(a) The profile wiem{r,t) verifies 

||r-'a,^(w(fi(t) -/o)|L.(,,,,,>^,i/2-.,) < Ct\ < fc + Z < 3, (2.112) 

||r9.^(fj,(t)|L.(,,>^,./.-..) < C6'^, (2.113) 
||r-'a,^«;(fi(i)||^^^^^^^^,/,_^^^ < 0(6'^-''-^ + t-(^+0/2+.)^ < k + I < A, 

(2.114) 

\\r-'-'d'MelmL^ir>J,t^f^'^.) < CiS'-"-' + r-^^"), k + l = 5 (2.115) 

(Hi) The error AieX{r,t) admits the estimate 

||r-'9,^9MlfJ.(t)||L2(,,,,,>_L ,1/2-.,) < t^^^, 0<l + k<3, 1 = 0,1, (2.116) 
provided N is sufficiently large. 
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2.4.1 Proof of proposition I^TT] 

We are now in position to finisli tlie proof of proposition 12.11 Fix £2 verifying 

< £2 < i For iV > 2, define 

w^Pip,t) =oif'-''p)w^^\t'^p,t) + (1 - e(r-v))^r^^V)w^if 

+ (1 - ^(r+-p))e— Wti;(^jl(r+V2^^i)^ 



i + |w^f P'i + |w^f)p'i + |w^f)| 



Clearly, Ve:^'^ (p, t) is well defined for p is sufficiently large, and for p < t '^+^1 
WoT'' (p, t) coincides with ^[f^^ (p, t) . Therefore, setting 

v;i^)(p,t) p>r^+-. 

we get a C°° 1- equivariant profile m^^^ : x ]R;|j_ — )■ 5^ that, by lemmas [273] 
(i), ETl (ii), 12.101 (ii), for any > 2 verifies part (i) of proposition [2?T1 Cat 
being given by 

By lemmas [2731 (ii) . [2771 (i) . (iii) and 12. 101 (i). (iii), for N sufficiently large the 

error r^^^ = — + m*-^-* x Am^^^ satisfies 

||r(^)(t)||^3 + ||a*r(^)(t)bi + II < X > r(^)(t)|U. < t'^^, t < T{N,6), 
with some r] = '/^(i^, £2) > 0. Re-denoting = ^ we obtain a family of 



approximate solutions u^^\t) verifying proposition 12.11 



3 Proof of the theorem 
3.1 Main proposition 

The proof of theorem 1.1 will be achieved by compactness arguments that 
rely on the following result. Let u^^\T = T{N,6) be as in proposition 2.1. 
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Consider the Cauchy problem 

Ut = u X Au, t >ti 



U\t=ti = '{ti), 



with < ti < T. 
One has 



Proposition 3.1. For N sufficiently large there exists < to < T such that 
for any ti G (0,to) the solution u{t) of (13. ip verifies: 
(i) u ~ u^^^ is in C{[ti^tQ\^H^) and one has 

\\u{t) - u(^)(t)||H3 < t"^/', Vti < t < to- (3.2) 

(ii ) Furthermore, < x > {u{t) — u^^\t)) E and 

\\<x> {u{t) - u^^\t))\\L2 < t^^\ Vti < t < to. (3.3) 

Proof. The proof is by bootstrap argument. Write 

n(^)(x,t) = e"W^f/(^)(A(t)x,t), r'-^^x^t) = A2(t)e"W«i?W(A(t)x, t) 

uix,t) = e'^W^?7(A(t)x,t), Uiy,t) = U^''\y,t) + Siy,t), 
U(''\y,t) = ^{y) + X^''\y,t). 

Then S(t) solves 

t'+^''St+aot^''RS-iu+^)yVS = Sx AU^^^ +U^^^ x AS+Sx AS+R^^^ (t). 

(3.4) 

Assume that 

||5'||l°°(r2) < ^1, (3.5) 
with 6i sufficiently small. Note that since 5* is 1-equivariant and 

(4>,S) + {x'^''\S) + \S\' = (3.6) 

where 00(^2) < C5'^'^ (see ( I2.5P ). the bootstrap assumption (13. 5p im- 

plies 

||5'||l°°(i82) < C||VS'||l<^(k2). (3.7) 
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3.1.1 Energy control 

We will first derive a bootstrap control of the energy norm: 
Ji(t)= / dy{\VS\' + K{p)\S\'), p=\y\. 



It follows from ([23]) that 

£i = -^J dyiSxAx^''\AS), 

£2 = 2 J dynix^'^^xAS^S), 

£, = -(l + u)t"' J dy{2K + pK'){S,S), 

£^ = 2 j dy [(Vi?(^\ V^) + S)] . 

From proposition 12.11 we have 

\E,\<Ce'\\S\\l,, j = l,...,3, 

1^41 <ct^+'^+i/2||vs|U2. 

Combining these inequalities we obtain 

3.1.2 Control of the norm 

Consider Jo(^) = ^^2dy\S\'^. We have 

£^ = 2 j dyiU^^^ X AS,S), 
£e = -2(l + 2z/)t2Vo(t), 
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Consider 8^. Decomposing f/*^^) and S in the basis /i, /2, Q: 

U^'^\y,t) = e'^iil + zf\p,t))Q{p) + z^!'\p.t)h{p) + ^(p, t)/2(p)), 

S{y,t) = e'%Up.t)h{p) + UP.t)f2{p) + UP.t)Q{p)). 
one can rewrite £^ as follows. 

£s = -4: [ dpp—C2dpC3, 
Jr+ p 



£, = -2 dpp{d,z^''-^ X 9/, C), = (^r^ \ 4"^^), C = (Ci, C2, Cs), 



where 

^ = (-^Ci - — -^pCs, -^C2, «;(p)C3 + — ^pCi - ^^^pCi)- 

Clearly, 

|/|<Cp-2(|C| + |5,CI). 

Therefore, 

\£io\<Ce^\\S\\'H^. (3.9) 

Consider It follows from 

2(C,^+zW) + |Cr = 0, (3.10) 

that 

IS.Cal < C7(|9,.(^)||C| + + |9,C||C|). 

As a consequence, 

\£s\<c[e''\\s\\i. + \\vs\\i;\. (3.11) 

Consider £9. Denote = k + z'^^^ and write C = C"*" + P^Oi P = (Cj^o)- It 
follows from (13.101) that 

H<cicr, 
\Pp\<c\c\m. 
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Therefore, 8^ can be written as 



£9 = ~2 [ dppid,C^ X C^,d,eo) + Oi\\S\\U\VS\\L2). (3.12) 

Let Ci, 62 be a smooth orthonormal basis of the tangent space T^^S"^ that 
verifies 62 = Cq x ci. Then the expression {dp(^ x C-'-,9peo) can be written 
as follows: 

(dpC^ X C^,dpeo) = {C^,dpeo) [(C^, e2)(9peo, ei) - (C^, ei)(9peo, 62)] , 
which leads to the estimate 



/ 

Jr. 



dpp{dpC^ X C^,dpeo] 



< C\\dpZ^''^\\l^Joit) < Ct'^Joit). (3.13) 



Combining ([31]), fl3lT]) . f l332|) . fl3:T3|l we obtain 

||jo(t)| < C [ri^ll^, +t-i-^n|5|l^i||VS|U. +t2^-V2-3'^] . (3.14) 

3.1.3 Control of the weighted norm 

Using (13.41) to compute the derivative ^|||/5'(t)||^2, we obtain 
d 



t 



l+2u 



dr 



y\S{t)\\l,=-A dyy.iU^''^ xd,S,S) 



2(l + 2^)(=''|||j,|S(i)iri, + 2 j <i»|»|=(fiW,S). 



Here and below dj stands for dy^, the summation over the repeated indexes 
being assumed. 

As a consequence, we get 



d_ 



\y\smi^ 



<^\\\\ym)\\i^+t-"'\\srH.+t 



(3.15) 
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3.1.4 Control of the higher regularity 

In addition to ( I3.5p . assume that 

|H3 + |||y|5(t)|U2<t2^/l (3.16) 



We will control norm of the solution by means of || V5't||i2. More precisely, 
consider the functional 



where s{x,t) is defined by 



s 



Write St{x,t) = e°'^*^^X'^{t)g{\{t)x,t). In terms of g, J3 can be written as 
•^3(^) ~ / dy\Vg{y,t)\'^ + J dyK{p)\g{y,t)\'^. Let us compute the derivative 



J:i{t). Clearly, g{y,t) solves 



dt 

t'+'^gt + aot^-Rg - {u + ]^)e^{2 + yV)g = 

X A^ + ^ X (Af/(^) + AS) ^3^^^! 
+ (f/(^) X Af/(^) - i?(^)) X AS 
+ Sx A([/(^) X A[/(^) - i?(^)) + e-^"^rf\ 

Therefore, we get 

i'^'^|^3(t) =(2 + Au)e^Vg\\l. + {\ + u)t'^ J {2k - pn'M'dy 
+ El + E2 + + + E^, 

where 

Ei = -2 [ dy{g x A^^^^, A^?) + 2 / dynix^"^^ x Ag,g), 
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E2 = -2 J dy{{U^^^ X Af/(^) - R^^^) x AS, Ag) 
+ 2 J dy{A{U^^^ X Af/(^) - X S,Ag) 

+ 2 j dy^iiU^''^ X Af/(^) - X A5',^7) 

- 2 j t/|//€(A(t/(^) X Af/(^) - X ^, (7), 

E3 = -2j dy{gxAS,Ag), 
=2 y rfi//t(^x A(?,(7), 

The terms ii^j, j = 1, 4, 5 can be estimated as follows. 

m<ce''\\g\\l., 

\EA<C\\g\\lA\S\\H:^<Ce^\\g\\l,, (3.19) 

\E,\<c{e^\\g\\l, + e''+'+'n, 

provided is sufficiently large and t <tQ with some to = to{N) > 0. 
For E2 we have 

m < C(||Ax(^)|k.,.o + ||i?W||^3)||^7||^l||^||^3 

+ c\\<y>-' VAV^)|Uo.||V^?|UHI <Z/>^IIl^- 
As a consequence, 

|i5^2| < Ct''{\\g\\H4S\\H'^ + ||V(7|U2|| < y > S\\l2). (3.20) 
Note that since 

g = (f/W + 5) X A5 + 5 X Af/(^) + R^^\ (3.21) 
the bootstrap assumption fl3.16p implies 

\\g\\L^<Ci\\S\\H'2 + \\R^''^\\L^), 

l|V(7|U2<c(||S||^3 + ||vi?(^)|U0- 
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(3.22) 



Therefore, (13.191) . fl3.2Up can be rewritten as 

\E,\ + \E2\ + \E^\ + \E^\ <Ct^''[\\S\\ls + {\\S\\h-^ + ^11^^] 

(3.23) 

Consider E^. One has 

gxAS = (f/(^) + S, AS) AS - | A^p([/(^) + S) 
+ {Sx Af/(^) + X A^, 
A^ =(f/(^) + 5) X A^S + F, (3.24) 
Y = 2{djU^^^ + djS) xAdjS + Sx A^U^^^ 
+ 2djS X AdjU^^'^ + AR^^l 

Therefore, one can write E^ as E^ = Eq + Ej + Eg, where 
E6 = -2j dyiU^''^ + S,AS)iAS,Ag), 

Er =2 I dy| A5|2([/W +S,Ag) = 2j dy\AS\\U^'^^ + 5, F), 

E8 = -2 J dy{{S X Af/(^) + i?(^)) X AS, Ag). 

For Eq we have: 

Eg =2 j dy[{AU^^\S) + 2{djU^^\d.jS) + {d^S, djS)]{AS, Ag) 

= -2 j dy[{AU^''\S) + 2{d,U^''\ d,S) + (9,5, c',5)](A9fc5, 9^^?) 

-2 y t;|/(A5,9,(7)9fc[(A[/(^),5) + 2(9,[/(^),9,.S) + (9,.S,5,.S)]. 

As a consequence, one obtains: 

\E,\<C\\S\\l4g\\H^<Ce''\\S\\l,. (3.25) 
Consider E-j. From fl3.24p we have 

\\Y\W<C{\\S\\m+t''). 
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Therefore, we obtain: 

\Er\<Cf''\\S\\j,^. (3.26) 
Finally, Eg can be estimated as follows 

l^sl < C\\g\\H^{\\S\\j,, + t^||5||H3) < Ct'lSWl, + Ce"". (3.27) 

Combining (IX^ . OMZD, fl^:^ we get 

\E,\<C{e^\\SrH,+e''), (3.28) 

which together with f l3.23p gives 



< J [I|S||1,3 + (||S||„, +«"+'+^'')|||»|S|U.)] (3.29) 



3.1.5 Proof of proposition [3TT] 

To prove the proposition it is sufficient to show that (13. Sp . (I3.16P implies 
(Q, (133|). 

Under the bootstrap assumption (I3.16p . (13. Sp . (I3.14p become 

||ji(t)| + ||jo(t)| <crl||5|lil + ^^t'^~'/'-^ Vt<to, (3.30) 

provided is sufficiently large, to sufficiently small. 

Note that for Cq > sufficiently large one has ||5'||^i < Ji + CqJq. There- 
fore, denoting J{t) = Ji(t) + CoJo(t) one can rewrite (I3.30p as 

\^J{t)\ < Ct-\J{t) + Ct2^-i/2-3.^ (3 
' at ' 

Integrating this inequality with zero initial condition at ti one gets 

J(t) < VtG[ti,to], (3.32) 

provided is sufficiently large. As a consequence, we obtain 

II^IIh^ < VtG[ti,to]. (3.33) 

Consider || lylS'(t) ||l2. From (I3.15p .( l333l) we have 



d_ 

'dr 



\y\sml^ 



<j[\\\y\sml^ + t'''-"']- (3.34) 
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Integrating this inequality and assuming that is sufficiently large, we get 



C 



VtG[ti,to] 
which gives in particular, 

Ilk|s(t)||i2 <^^/^ vte[ti,to]. 



(3.35) 



(3.36) 



We next consider || VAs(t)||2,2(]R2). It follows from (13.211) . (13.161) that for any 
J = 1,2 

\\d,g - (?7(^) + 5) X ^d,S\\L2 < C(||5b2(K2) + 1""+^+^^). (3.37) 

Note also that since \U^^'^ + 51 = 1, we have 

|(f/(^) + 5) X A9,5|2 = \M,S\^ - {U^^^ + S,Ad,S)\ 
{U^-^^ + S, AdjS) = - (Af/(^) + AS, d,S) - A{djU^^\S) 
-2{d,U^''^+d,S,d%S), 

which together with ( 13.16^ gives 



|Aa,5||i.-||(f/(^) + 5)xAa,5|li. <c||5| 



^2. 



(3.38) 



Consider the functional Jsit) = Jsit) + ciJo{t). It follows from (I3.22p . 
( ]3.37p . ( 13.38P that for ci > sufficiently large we have 



with some C2 > 0. 

From (Km . (Km . (13351) one gets 



(3.39) 



d ~ 



dt 



< Ct-^Js{t) + Ct 



2N-7U-1 



(3.40) 



Integrating this inequality between ti and t and observing that J3(ti) = 
t^+^'^/c/x|VrW(x,ti)|2 + tl^'"' J dxK{t-^/^+''x)\r^^\x,ti)\^, and therefore, 
\Mii)\ <C^?'^+'+'^ we obtain 



Mt) < ct 



2N-7y 



Wt e [ti,t 



oj- 
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Combining this inequality with fl3.39p . one gets 
which imphes that 

This concludes the proof of proposition 13.11 
3.2 Proof of the theorem 

The proof of the theorem is now straightforward. Fix such that proposition 
13.11 holds. Take a sequence (t-'), < t-' < to? — > as j — i- oo. Let Uj{x,t) 
be the solution of 



dtUj = Uj X Auj, t >t^ 



W,,.. (3-41) 



By proposition 13. H for any j, Uj — u^^^ E C{[P ,tQ], H^) and satisfies 

\\u,{t) - U^''\t)\\HS + \\<x> {u,{t) - < 2t^/2^ Vt G [t^M- 

(3.42) 

This implies in particular, that the sequence Uj{to) — u^^^to) is compact 
in and therefore after passing to a subsequence we can assume that 
'^ji^o) — u^^^to) converges in to some 1-equivariant function w G H^, 
with ||w||h3 < \u^^Kto) + w\ = l. 
Consider the Cauchy problem 

Uf = u X Am, t < to, 

(N ~ (3-43) 

u\t=to = '{to) +w, 



By the local well-posedness, f l3.43p admits a unique solution u G C{(t*,to], H^H 
H^) with some < t* < to. By continuity of the flow (see [lO]), uj — )• u 
in C{{t*,to],H^), which together with f l3.42p gives 

\\u{t)-u^''\t)\\HS < 2t^/^ vt G (r,to]- (3.44) 

This implies that t* = and combined with proposition 12.11 gives the result 
stated in theorem 1.1. 
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